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import sympy as sp

# HADERZAERTIRE
sp.init_printing(use_unicode=True)
al = sp.Matrix([1, 1, @, 0])

a2 = sp.Matrix([0, 1, 1, @])
a3 = sp.Matrix([o, 1, 1, 1])
al, a2,a3

O O =
O R = O
e N =

A = sp.Matrix.hstack(al,a2,a3,a3-a2+al,al-a3)
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print(" [ans 1:f&Z®HI] R(A)")
A.rowspace()

[ans 1 : &%) R(A)
[t o0 1 1],[0 1 1 0 —1],[0 0 1 1 —1]]

print(" [ans 1:f&Z#I]1 C(A)")
A.columnspace()

[ans 1: #&&HI] C(A)
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print(" [ans 2: #&Z®#I] Im f = C(A)")
print(" [ans 2 : #&&HI] Ker(A)")
A.nullspace()

[ans 2 : BZHI] Im f = C(A)
[ans 2 : ##& 4] Ker(A)
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print(" [ans 3: #&&H1] ")
row_basis = A.rowspace()
null_basis = A.nullspace()

print("-— BEXRMEO®RIE (REHE: r_i - n_j) —")
for i, r in enumerate(row_basis):
for j, n in enumerate(null_basis):
# AEDITE
dot_product = r.dot(n)

# RDXT
print(f"\n[{TEMEE r{i+1}] - [BOEE n{j+1}] = {dot_product}")

[ans 3 : f#Z&H)
— BEXMO®RIE (PEHE: r_i - n_j) —

[TEMEE rl] - [KOEE nl] = 0
[(TEZMRE r1] - [ZOEE n2] =0
[TERRE r2] - [ZOEEK nl] =0

[(TZEEEE r2] - [RORE n2]

0
[(TEZMRE r3] - [KOEE nl] =0
[FTERREE r3] - [KOEEKE n2] =0

print(" [ans 4 : f&Z&H] ")
col_basis = A.columnspace()
left_null_basis = A.transpose().nullspace()

print("-— BEXRMEOKRIE (NEHE: c_i - n_j) —")
for i, c in enumerate(col_basis):
for j, 1n in enumerate(left_null_basis):
# AHEDIE
dot_product = c.dot(1ln)

# XOFT
print(f"\n[FZMEE c{i+1}] - [EREOEE Wn{j+1}] = {dot_product}")



[ans 4 : &)
-— EXMORI (WHEFHE: c_i - n_j) —

[FIZMBE cl] - [EZOEE nl] = 0
[FIZ[MBE c2] - [EROEE nl] = 0
[FIZEMEE c3] - [AZOEE nl] = 0
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Absolute Error

wL? 3 x 6°
(L) = 24ET 24 x 13,325

~ 0.00202 [rad](~ 0.116 &)

import numpy as np
import matplotlib.pyplot as plt

true_value = 54.0

# E—XNEI#
def f(x): return (w / 2.0) * (L * X = x*%%2)

# 1. BFENT
def trapezoidal(N):

X = np.linspace(@, L, N+1)

y = f(x)

h=L/N

return (h / 2.0) * (y[0] + 2.0 % np.sum(y[1:N]) + y[N])
# 2. HAmnt
def midpoint(N):

h=L/N

x_mid = np.linspace(h/2, L - h/2, N)
return h * np.sum(f(x_mid))

# 3. EEDEHY

N_list = [10, 20, 40, 80, 160]

err_trap = [abs(trapezoidal(n) - true_value) for n in N_list]
err_mid = [abs(midpoint(n) - true_value) for n in N_list]

# 4. I>T7DEE

plt.figure(figsize=(8, 5))

plt.loglog(N_list, err_trap, 'o-', label='Trapezoidal Error')
plt.loglog(N_list, err_mid, 's-', label='Midpoint Error')

# BEERAVEIEE -2 ERIHR

plt.loglog(N_list, [err_trapl[@] * (n/N_list[@])*x-2 for n in N_list], '--', color='gray', label='Slope -2 (0(h*

plt.xlabel('Number of Divisions N')
plt.ylabel('Absolute Error')

plt.title('Comparison: Trapezoidal vs Midpoint Rule')
plt.legend()

plt.grid(True, which="both", 1ls="-")

plt.show()
Comparison: Trapezoidal vs Midpoint Rule
—&8— Tapezoidal Error
&~ Midpeint Error
I === Slope -2 (O{h"2))
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import numpy as np
import matplotlib.pyplot as plt

# ORYNF—ABETIETIV(INF TR 5> /FR)
def euler_robot_arm(theta, omega, tau, C_val):
M=1.0 # 1814
K =10.0 # [%
# MEE d_omega/dt = (tau - Ckxomega — Kxtheta) / M
d_omega = (tau - C_val * omega - K * theta) / M
# FE d_theta/dt = omega
d_theta = omega

# TA5—EICLDEH

new_theta = theta + d_theta * dt
new_omega = omega + d_omega * dt
return new_theta, new_omega

# >ZaL—>3RE
dt = 0.01
tt = np.arange(0, 20 + dt, dt)

tau = 10.0 # XTFvIRILIAN

# o—X1: #kKEHY (C = 0.5)
theta_osc = np.zeros(len(tt))
omega_osc = np.zeros(len(tt))
C_osc = 0.5

# o—X2: EH#R=E (C = 10.0)
theta_dec = np.zeros(len(tt))
omega_dec = np.zeros(len(tt))
C_dec = 10.0

# U—X3: BERER

theta_cri = np.zeros(len(tt))
omega_cri = np.zeros(len(tt))
Ccri=6

# >ZaL—>32FfT

for i in range(len(tt)-1):
theta_osc[i+1], omega_osc[i+1]
theta_dec[i+1], omega_dec[i+1]

euler_robot_arm(theta_osc[i], omega_osc[il, tau, C_osc)
euler_robot_arm(theta_dec[i], omega_dec[i], tau, C_dec)



theta_cri[i+1], omega_cril[i+1] = euler_robot_arm(theta_crilil, omega_cril[i], tau, C_cri)

# USTHEE

plt.figure(figsize=(10, 5))

plt.plot(tt, theta_osc, label=f"Oscillatory (C={C_osc})", color="blue")
plt.plot(tt, theta_dec, label=f"Monotonic Decay (C={C_dec})", color="orange")
plt.plot(tt, theta_cri, label=f"Critical Decay (C={C_cri})", color="green")
plt.axhline(y=tau/10.0, color='r', linestyle='--', label="Target Angle") # Hz#i/iR#fE tau/K
plt.xlabel('Time [s]"')

plt.ylabel('Joint Angle [rad]"')

plt.title('Robot Arm Joint Response (Vibration Control)')

plt.legend()

plt.grid(True)

plt.show()

Robot Arm Joint Response (Vibration Control)

—— Oscillatory (C=0.5)
Monotonic Decay (C=10.0)
—— Critical Decay (C=6)
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M4 : MCMC, [EAFEDEDIAHFEIRE (255)
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sizes = np.array([4.0, 4.0, 3.0, 3.0, 2.0, 2.0, 1.0, 1.0])
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2. Energy History
[T_init=10.0, CR=0.999, Steps=15000]

1. Initial Layout 3. MCMC Optimized Layout
(Overlap: 26.85) 5 (Overlap: 2.01)
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B3 : SYYLBMPRE IRILF—EBTOKRFE, COYIaL—Y 3V TOREEE.

import numpy as np
import matplotlib.pyplot as plt

#
# 1. BEDREELHE
#

np.random.seed(42)

# [EAFEDEZR(SFtHEHE: 60)
sizes = np.array([4.0, 4.0, 3.0, 3.0, 2.0, 2.0, 1.0, 1.0])
N = len(sizes)

# SMED—T
L =28.0

# HIHBBCE (1A 513 /0L DICHTEIE)
positions = np.array([np.random.uniform(@, L - s, 2) for s in sizes])
initial_positions = positions.copy()

#
# 2. JRXNEGEH(TFRINF—BI%)DEE
#

def calc_overlap(x1l, y1, sl1, x2, y2, s2):
"M2DDIEAENELR > TWSEEEFE"""
dx = min(x1 + s1, x2 + s2) - max(x1, x2)
dy = min(yl + s1, y2 + s2) - max(yl, y2)
if dx > 0 and dy > 0:
return dx * dy
return 0.0

def compute_energy(pos, sizes):
"D IRIIF— (BERALTOELYEE) EFE"
energy = 0.0
for i in range(N):
for j in range(i + 1, N):
energy += calc_overlap(pos[i, 01, pos[i, 11, sizes[il, pos[j, @I, pos[j, 11, sizes[jl)
return energy

#
# 3. MCMC / #REEGESSL % (SA) DEITL/INTA—ZRE
#

init_T = 10.0 #10.0 # WIELEE
cooling_rate = 0.9995 #0.999 # F#HE
steps = 30000 #15000 # XRTVTH

T = init_T

current_pos = positions.copy()
current_energy = compute_energy(current_pos, sizes)

best_pos = current_pos.copy()
best_energy = current_energy

energy_history = []

for step in range(steps):
i = np.random.randint(@, N)
old_pos = current_pos[i].copy()

# BIEDBEICICIES> S AGEFEE)

move = np.random.normal(@0, 0.4 *x (T + 0.05), 2)
new_p = old_pos + move

s = sizes[i]

# [T5—(EE)1>TvoR([0], [1] TXE-YHEEEICIEEL TIEHHLHE
if (new_p[@] < @) or (new_p[@] + s > L) or (new_pl[l] < @) or (new_p[l] + s > L):
energy_history.append(current_energy)



continue

current_pos[i] = new_p
new_energy = compute_energy(current_pos, sizes)
dE = new_energy - current_energy

if dE < 0 or np.random.uniform(@, 1) < np.exp(-dE / (T + 1le-6)):
current_energy = new_energy
if current_energy < best_energy:
best_energy = current_energy
best_pos = current_pos.copy()
else:
current_pos[i] = old_pos

energy_history.append(current_energy)
T #= cooling_rate

print(f"##iEx Y TxJL+—: {compute_energy(initial_positions, sizes):.4f}")
print(f"&&ELYIRILF—: {best_energy:.4f}")

#
# 4. BROAFE (LA TIELEDIEE)
#

# HEHU3IVIDI ST (HEENLEIICEEDIEIGE 18 75 20 [CHKX)
#fig, (ax1l, ax2, ax3) = plt.subplots(1, 3, figsize=(20, 6))
fig, (ax1l, ax2, ax3) = plt.subplots(
i, 3
figsize=(18, 5.5),
gridspec_kw={'width_ratios': [1, 1, 11} # BEAFDISIDHIEEIUIFL TREAZES

def plot_packing(ax, pos, title_text, color, energy_val):
ax.set_xlim(-0.5, L + 0.5)
ax.set_ylim(-0.5, L + 0.5)
ax.add_patch(plt.Rectangle((@, @), L, L, edgecolor='black', facecolor='none', lw=2, linestyle='--'))
for i in range(N):
X, y = pos[il]
s = sizes[il
rect = plt.Rectangle((x, y), s, s, edgecolor='black', facecolor=color, alpha=0.6, lw=1.5)
ax.add_patch(rect)
ax.text(x + s/2, y + s/2, f'"#{il\n({int(s)})", ha='center', va='center', fontsize=9)
ax.set_aspect('equal', adjustable='box")
ax.set_title(f"{title_text}\n(Overlap: {energy_val:.2f})")

# ZA:#IRACE
plot_packing(axl, initial_positions, "1. Initial Layout", "salmon", compute_energy(initial_positions, sizes))

# R IRINF—HBE(TIXOIEZEBEIZICL THYZERLE)

ax2.plot(energy_history, color='purple', lw=1.5)

ax2.set_xlabel("Steps (Iterations)")

ax2.set_ylabel("Energy (Overlap Area)")

# ZGARNNEBARNC2TD/INZA—2 (T, CR, Steps)&ZFir

ax2.set_title(f"2. Energy History\n[T_init={init_T}, CR={cooling_rate}, Steps={steps}]")
ax2.grid(True, linestyle='—-', alpha=0.6)

# HH:MCMC EFTHEDRELEE
plot_packing(ax3, best_pos, "3. MCMC Optimized Layout", "skyblue", best_energy)

# BOSTRIDREEENICHE

plt.subplots_adjust(wspace=0.1) # #DEEZLEIFZ (F7 40 30, 212E)
plt.show()

#plt.tight_layout()
plt.show()

print("cooling rate&&TRIMZRET 5L ABBEMBSATHRERNFOSNS. ")

MHAESRY TRILF—: 26.8521
RIREAYIRIF—: 0.0237



1. Initial Layout 2. Energy History 3. MCMC Optimized Layout

(Overlap: 26.85) [T_init=10.0, CR=0.9995, Steps=30000] (Overlap: 0.02)
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