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The basic mathematical concepts that finft of vectors and rices are sets,
sequences\(lists), functiorss and probability theory.

This chapter also includes an introduction to Pythori/ the programming language we use
@@Ithe mathematical objects of interest, (ii) (writé computational procedures, and (iii)

data analyses.
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2 .1 Set terminology and notation &4 27

is likely to be familiar with the idea of g set, a collection of mathematical ob jects in

% ject is considered to occur at most gnce. The objects belonging to (@) set a;rg@
\@' > Trelemenis) We use es to indicate a@ specified by explicitly enumerating) its elements.
For example, {0, &, &, O\ is the set of suits in a traditional deck of cards. The order in which
elements are listed is not significant; a s?f—i}fmgi_s no order among its elements.

The symbol €)is used to indicate th ject_belongs to a set (equivalently, that the set
contains the object). For example,(Q € {0, &, &, O}.
G

One set S is [contained in anoth 2 (written (S; C Sz\) if every elemem},/ of §1 belongs
to §2. Two sets are equal if they contain exact]y the same elements. A convenient way to prove
that_two sets are equal consists of @g 1))prove the first set is contained in the second,
and prove the second is contained in the first. N i

A set can be infinite. In Chapter 1, we discuss the set R, %Qich consists of all real numbers,
and the set C, which consists of all complex numbers. A“‘i% : .

If a set S is not infinite, we use |S| to denote its cardinality, the number of elements it
contains. For example, the set of suits has cardinality 4. T >

YOR% ORA)

(‘Q -3 31“A ’f\'?%‘ z/&’/\f_ﬁ%’%‘%:

0.2 Cartesian product
One from column A, one from column B.

The Cartesian product of two sets A and B is the set of all pairs (a,b) where a)e A and
be B.
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Example 0.2.1: For the sets A = {1,2,3} and B = {0, #,&, 0}, the Cartesian product is

{(1,9),(2,9),(3,9), (1, #), (2, #), (3, #), (L, §), (2, %), (3,$),(1,0),(2,0), 3, 0)}

Quiz 0.2.2: What is the cardinality of A x B in Example 0.2.1 (Page 2)?

Answer

A x Bl =(2)

Proposition 0.2.3: For finite sets A and B, |A x B| = |A[Q)|B].
—_— - - = —_— —

=

Quiz 0.2.4: What is the cardinality of {1,2,3,...,10, J,Q,IS} x {90, 8,%,0}7?
[2 4
2]~ Vel = {mxt] = 52

Answer

We use Proposition 0.2.3. The cardinality of the first set is 13, and the cardinality of the
second set is 4, so the cardinality of the Cartesian product is 13 - 4, which i@

1
The Cartesian product is named forwhom we shall discuss in Chapter 6.
—— —

0.3 The function 2 v

Mathematicians neve% die—they just lose function. ﬁ%& D= { k
248

Loosely speaking, & function is a rule that, ach elem‘jént n some sel, L of possible inputs,
asgiggl_s@possible output. The output is said to be the image of the input under the function
and the input is a pre-image of the output. The set D of possible inputs is called the domain of

. >— 2

the function. é/';\}— ))%%-*Lé}q

Formally, a function is a (possibly infinite) set of pairs (a, b) no two of which share the same

first entry. ( Gs > 1)
- x 2 (@_:_. ) bz_)
Example 0.3.1: The doubling function with domain {1,2,3,.. }is :
((1,2),(2,4), (3,6), (4,8),...} :Y;%L outpil

Theg aoma.m] can itself consist of pairs of numbers.

Example 0.3.2: The multiplication function with domain {1,2,3,...} x {1,2,3,...} looks
. P . e
something like this: _j:

— ~ =Y

(LD (12,2 (21,2, (2:2,0,(@23,6)..} b

For a function named. f, the image of ¢ under. f is denoted by f (q). Ifr)= f(g), we saythat
g‘maps to r under f. The notation for “g maps to r” is q@r] (This notation omits specifying
the function; it is useful when there is no ambiguity about which function is intended.)

It is convenient when specifying a function to specify a co-domain for the function. The
co-domain is a set from which the function’s output values are chosen.{Note that one has some
leeway in choosing the co-domain since not all of its members need beS!{tputs.
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N Y b
f:D—F

means that f is a function whose domain is the set D and whose co-domain (the set of possible
outputs) is the set F. (More briefly: “a function from D to F”, or “a function that maps D to
F‘”)

The notation

L - 8% L7
Example 0.3.3: (Caesar was said to have used a cryptosystem in which each letter was replaced
with the one three steps forward in the alphabet (wrapping around for X.Y, and Z).% Thus the
plaintext MATRIX would be encrypted as the cyphertext PDWULA. The function that maps
each plaintext letter to its cxghedext replacement could be written as

= ﬂr‘i
A@D,B»—)E,Cu—)F,DHG,W&—)Z,X»—):},I_/»—)E,_ZHQ

This function's domain and co-domain are both the alphabet {A, B, ..., Z}.

“Some imaginary historians have conjectured that Caesar’s assasination can be attributed to his use of
such a weak cryptosystem.

Example 0.3.4: The cosine function, cos, maps from the set of real numbers (indicated by
R) to the set of real numbers. We would therefore write “ve?

E:R—)R

Of course, the outputs of the cos function do not incluzie all real numbers, only those between -1
and 1. 1
X
The image of a function f is the set of images of all domain elements. That is, the image of
[ is the set of elements of the co-domain that actually occur as outputs. For example, the image
of Caesar’s encryption function is the entire alphabet, and the image of the cosine function is
the set of numbers between -1 and 1.

Example 0.3.5: Consider the function prod that takes as input a pair of integers greater than
1 and outputs their product. The domain (set of inputs) is the set of pairs of integers greater
than 1. We choose to define the co-domain to be the set of all integers greater than 1. The
image of the function, however, is the set of composite integers since no domain element maps
to a prime number.

0.3.1 Functions versus procedures, versus computational problems

There are two other concepts that are closely related to functions and that enter into our story,
and we must take some care to distinguish them.

e A procedure is a precise description of a computation; it accepts inputs (called arguments)
and produces an output (called the return value).

Example 0.3.6: This example illustrates the Python syntax for defining procedures:

def mul(p,q): return p*q

In the hope of avoiding confusion, we diverge from the common practice of referring to
procedures as “functions”.

* A computational problem is an input-output specification that a procedure might be re-
quired to satisfy.



