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Formalization of a Qualitative Spatial Representation and
the Proof for its Planarity Using Coq

1 1 1

Mizuki Goro' SosuKE MoriGucHl' Kazuko TAKAHASHI

Abstract: We give a model to a qualitative spatial representation PLCA by formalizing it inductively using a proof
assistant Coq, and prove that such a model coincides with the planar PLCA. PLCA provides a symbolic expression of
spatial entities and allows reasoning on this expression. To justify the reasoning, we should prove the correspondence
between PLCA expression and spatial data; for a given PLCA expression, the conditions for planarity have been shown,
but the construction of such a PLCA expression has not been discussed.In this presentation, we give an inducive defni-
tion to PLCA with three constructors and also its equivalence relation. We then prove that the obtained model satisfes
the conditions for planarity using Coq. The proof is based on induction and using case split on each constructor. On
the other hand, we prove that a planar PLCA expression can be constructed as an inductive PLCA, using an induction
on the number of areas. In the proof, we should match the type of PLCA of the successive number of the areas with
that obtained by the conditions for planarity. We have obtained the route of the proof by taking appropriate PLCA as
an induction hypothesis.
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EYHARTEMT—XE2@RBLUZVHRLAZYTIAT
HEEY AT ANDIRHABFEINT WS, HIRIE, AT
MORG UGN S K E L, EEHIZE > THARWN
R % T D Z & TR ARHIEDO Y Y Y TN TED.
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Io—PHEAETDIARENHZ. ba—v T —%HKR
TBH%EE LT, av¥a—4 LTHAWEIHZ T4 Y —
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2.2 PLCA DXRET Z2EF

PLCA RKIUL AR T O EBRICE R U 2 etk 22 Mk
FTHY, Point, Line, Circuit, Area &\ > 4 fEIED A4 7
VI NEAWTAT Y 27 NALOBBRTHE 2 RHT
5HLDTHD [12] L.

WRETBREIE, FREPICHE»NZEOT, fHERi
HWIRDY 2R729, LU 7z s B iR TR IZEF
IRV HIRIEMEE2EDEDTHS. PLCA REIFH
BREABZLDOT, —BICEMREEZ &L LTSN, 2
WICTEE EOREE S e U-5al, FTEoE (X3) &
MEHORAA (M) IZE>TERTEZHELEEHX5 2
EMTES.

O=D=

B3 OFEsE
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4 BEHDIAA

23 A7V b
PLCAD 4 DDA TI 7 NMILATDEYD TH 3.

Point
Point X I3 THY, TVIF A TRA TV NT
HB. Point IFZLHNIC L > TRAIIh, ERBEIZA
BT U272 7800

Line
Line ¥ I3##TH 3. 2 D0 Point & #E35i% K3, Line
DFEFRHIL2 DD Point DX TIVThH2. B8, Z
D 2 DO Point I&[F U Point TEHE N FE DO,
Line I = (p1, p2)
I Linel 7 py & py ZFEATVWSZ 2R T
5. F/, 4, —EHWBIET, AAfERTIEMN
T3,
I* = (p1,p2)
I= = (p2, p1)

Circuit
Circuit & IZFBTH 2. BRIZIAEA 7 Line DY A K
TRINHKEEET. Circuit DL SRIUTEX 1 L4
@ Line DV A MT, LAFOHIFIGM 223 EDT

sl PLCA WD £RiEA TV L7 OB FEAER-ZEDTH 5.

Hb.

Circuit ¢ = [(p1, p2), (P2, p3), (3, P4),
ooy (Pis Pix1)s (Dis15 Pis2)s - - - (pn-p1)]

VDANDODEI2nkd2L, FEDi(1<i<n-1)IZ
HUTY)AMDHE ( BEO2BZBHEH i+ 1 EHED 1K
HP—HU, EnBERO2FZHLE 1 EED 1 ZBEN
—H7 5.

Circuit 135508 %2 2 TEH U Circuit 2 £ . B
NOD Circuit’ #5525,

Circuit ¢ = [(p}, p3). (P5, DY), (D5, PL)s
cec (P:7 p;+])$ (P,/‘+]> P,/q.z), cet (plll’ p’l)]

Circuit ¢,¢’ \ZBWF2EEDi(1<i<n-DIZHLT
Pi=pliman(1Sisn—1) 2ili7zTLE c ¢ I3F
—DED L RART.

F72, 1 DOFBERRIZH U THRY &MY D Circuit
EHIGI DI eMNTE, TOHMEROIMUI L Pl %
FTNZEND Circuit IZE>TRMNT DI ENTE5.

N

5 AMHEID Circuit & NHID Circuit

5 DA, AllY DEEIMPHMIOD Circuit (2R HE L,
2R DREIBAMOD Circuit (ZXF)G L T\ 5.
Area

Area & [ZFPHTH 5. Circuit 12 & > TKY 5N /z%E
M%7, Area DI TERIUIZTOZEMOFUZ A>T
% Circuit DEATHD. 727U, TOHEEEFDLRLLL
£ 1 DO Circuit 28, FAU Area (ZJRY DLED 2
D@ Circuit |& Point T Line THEEL TH AW,

Area a; = {c3,c3}

Area a, = {c4}

6 D Area Dt HHRH
6 2l ETRITDIY, a M & o 2ELEAT
HERI I, ap WS cy DADEELETHRINS.
Point $%f5¢ & Line i TN ENU T D & S IZEH
95,
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(Line ##%) lc(ci,co)=Ale Ll cci ALE )
BB, pel, Ll p Al OMKERTHS L %77,
F/FEMRIZ, healdli e DV ANDOHRIZEEN
TWbZEe%#£d. 95L&, Circuit ¥ Point TH Line
THEELTOWARANWILEZUTROESIIRETES.

pcler,c) = Ap € P Al L € L(p €

—pe(cr, e2) A le(ey, ¢) (D

outermost
outermost ¥ 1B D —FAMANZFE Y F B Circuit %
ERC))

outermost

S\

7 outermost D4

2.4 PLCA XRIH

23 HiTRIND & S BHIKERMDH B Point, Line, Cir-
cuit, Area DREE P, L, C, A &, outermost D5 DDA
7

E =(P,L,C,A,outermost) )

% PLCA RIE & IR,
8 IZX T D PLCA BRI TO LS IZ4 5.

MRE FRER2015F3 890

L, C/ = outermost

pi E—
\ Cz
C3
t L
Tk s g
p4 !.3 p3

8 BLATY I NOMIG

E = (P, L,C,A,outermost)

P = {pl,pZ’p3’P4’p5}
L= {lel2yl3’l4»l5}

C = {c1,c2,03,c4)

A = {ay,ar}
L = (p1,p2) =[1.5,5.0]1  ar ={c,c3)
L = (p2, p3) =05, ax = {c}
Iz = (p3, ps) =[]
ly = (ps, P1) =[1 ]
Is = (ps, ps)

2.5 Consistency
Consistency & (34 % PLCA R¥LE 7122 HiTh N7z &
DB RELFTIHBIZESDTWENEDDHET D72HHD
ZMThd. QRoP, L, C, AlTIFTNThOEERM
WCERMED R W20, BlZIE, LICEENTWS Line [ A
Hole X, TNERKT S Point WES P ITFEL RV
ZEMHB. Consistency DFRMEHNDE LT, ZDELD
BRED%EEESSD. PLCA XKL E = (P,L,C, A, outermost) »°
UTD @) &S (12) RETRMATELE, EZ2EFER
PLCA ¥\, Consistency(E) &b $ 5.
P-L Consistency
Z A& Point & Line OIIZFED RN T & &R &M
TdhY, ML L7 Point ZFF I RN & L\“)ﬁiﬂff@%# z

SIS d 5. Linel % Point p 2 &4 & 1%, [ 2K T 3
LOOHIZ p BEENTHS t(%é
VpePaleL(pel) 3)

ERD Point p (XU T, HFE LIZEENS Line DH

Zp R AL ES BEDOWET S,

Yie L¥pcl(p € P) 4

D Line 128 UT, TN &MY % Point 42 TAHEE
BPIZEEND.
L-C Consistency

Z % Line & Circuit DIZFEBRNT & 2 RT 5%
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FETHY, SEEHENI G > TOIRWEEPINAL U 252
ERFIROE WS FISEMICH IR . Circuit ¢ 3
Line l # &4 &1k, ¢ %K 9 % Line DY XA MW
AL THS.

VieLdceC(lec) 5)

fEFED Line LI LT, 4 CIZ&END Circuit D
FIZIZELEODBREDOVEMLET S.

VeeCVieclel) (©)

fEE D Circuit 1IZX LT, N2 #KT 5 Line £ TH
HBELIZEEND.

VieVcel,i2eC(leclAnle2=cl=c2) (7)

% Line # &% Circuit B2 2H o724, Thbik
@ U Circuit Th 2. DFY, 5 Line &L Circuit
E%31OTHS.
C-A Consistency

ZAE Circuit & Area DRI FIEN RN & 2RT 5
HTHY, MEHDAKRIZE S TWARW Circuit & Area
DR ZFHF IR NE WD HSRMEITHINT 5. Areaa
M2 Circuitc 2 & 2 1E, a ZHEKT 5 Circuit DEAM
cEBbL I THS.

V¢ € Cda € A(c # outermost = c € a) (8)

outermost ASRD H 5P 3 Circuit ¢ IZXF LT, £H A
IZEEND Area TUIZ c ZELEDIEFELET D.

Ya € AVc € a(c € C) )

HFED Area (20 LT, FN %3 % Circuit £ TH
ECIZEENS.

Yc e CVal,a2 € A

((c # outermost Ac € al Ac € a)

= al =a2) (10)
outermost A#AD db % Circuit = &1 Area B2 DH > 7z
BE, TNOHIXEUL Area THD. DF 1, H5 Circuit
2ET Area IZHBT 1 DTH 5.

outermost Consistency

ZhiE Q) XD 5 DHDEETH S outermost & 5%
HOBRERLZZMETHD.

outermost € C (11)

#£4 C X outermost % &5,

Ya € A(outermost ¢ a) (12)
EHEANELH S WPD Area I3 outermost = & F AN,

2.6 PLCA O¥mEH%

PLCA IS 2 ot EH RICHIE T X% & ¥, D PLCA
FKEFTENTH B 20D, HD PLCA REIEHNE
DM EHET D DDA ERE S OIS [13] 12 & > TH
SEMIEHO>TVWD, ZTOEMIE3 2HY, 1 DIX258T
AR IEFEETH S, AR TIFFED 2 DDZEMITDONT
AT 5.

2.6.1 PLCAconnected

% PLCA #IZH PLCAconnected TH 3 & 1%, TD
WHBRTRERED 2204 TV N, MOATV
RNEBEUTER->TWBEILEERT. ThbL, A7V
Z MNEALEPYVEEINAZY, L TWARNWI & E2RT.
BARIZIZUATO &S BidgE2x O TERIND.

(d-pcon) PLCA #¥l E = (P,L,C, A, outermosty D7 7
TV hDOXRT B EUTELD B EE d-con #ATD & D&
#95.

1 d-pcon(p,l) & pel
2 d-pcon(l,c) ®lec

3 d-pcon(c,a) & c€a

(pcon) PLCA REDA 7TV b~ a,B,y 525N
X, LFD3O2DOME %N~ & 5 LR %ZBREE pcon
LEHTD.

1 d-pcon(a,B) = pcon(a,B)
2 peon(a,B) = pcon(B, )
3 pcon(a, B)A pcon(B,y) = pcon(a,y)

PLCA REL E = (P, L,C, A, outermost) \Zx L T

VYol,02 € PULUC U A pcon(ol, 02)

%3579 &£ X% D E % PLCAconnected ¥ >,
PLCAconnected(E) L it 3 5.

8EHIZED Y, ol = p; £ 02 =ps DL, IR
DHEFIZ LY, peon(py, ps) MY LD, py €, BDT,
d-pcon D 1 ZBEHDEZRIZL Y, d-pcon(py,ly) WY LD,
95&, pcon D1 ZBHDEHEIZEY peon(py,ly) DR Y
ND. F/2, €y RDT, d-pcon D2FEHDEE LY
d-pcon(ly, c2) MYV LD. §5&, pcon D1 HFHDEH
&£V peon(ly, cy) DRV LD, UL7zd>T, peon D 3 FHH
DEFE LY peon(py, c2) BIKY LD, FRRIZ, peon(ca,ar),
peon(ay, c3), pcon(cs,ls), pcon(ls,ps) HERD DI L5,
peon(pi, ps) DK Y LD,
2.6.2 PLCAeuler

PLCA £ E = (P,L,C, A, outermost) |
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[Pl =L = ICl+ 2 *|A[=0 13)

79 & X, E X PLCAeuler TH % & O\,
PLCAeuler(E) LGtk d 5.

2.6.3 PLCA OFmEMEERE

PLCA IZEWTU FOFHEMICET 5 EBA Y 7
2 [13].

(¥ 1) &2 PLCA KD Consistency %7z L, PLCA-
connected TH D & X, ZhPLCAeuler TH DN DOZ
DIFIZIRY, 2D PLCA X FEMKTH .

AWFFETIEH /27 PLCA DU 5 A% RET S, Thid
BB B5MENOHEEY, 2 008EIZE->THELND
PLCA THY, M PLCA & IEEND. REDRRIE, Z
DYFHN PLCA % Coq ETEHRT DI LT, ZDT T AN
EHTHSPLCA & —HT DI L2 RTONRHETHD.

EM 1 MNSEHETH S PLCA 1%, Consistency, PLCA-
connected, PLCAeuler Ziii/-9 2 & L [F{EZ DT, TN
PLCA 2D 3 D2D&M%EHAL, HIZID3ID2DOFM%
W73 € DILIFNN PLCA ¥ 482 Z X 23FHT 5. 203
DD&M% PLCA OFEERGE LTS, Ihb ez
PLCA % A PLCA XI5,

3. ®Rt

PLCA #8l% Coq 2> TR T 2. DBEIX Coq E
DI—R%EKT 5.

31 #§E

%79, Point, Line, Circuit, Area X W\WH ATV 7 M %
EHFEL, INOHOREEEZEET L. BHIFY A NTERE
T5720, TOVANDPEETIEREEERVEVIE
PR RBBEIZR D, £/, Point MDA TV 2 bDET
EfHMEZ CHTIHENDHS. Line DHI %2 KIzX 7%
DX, Circuit DIFENMEEEZZ7ZITDED, Area DD
Circuit DIEEIEZEXZZITOEOREEFA TV b
EUTIEAMEE RARX BT EER S 2V, XL, Circuit
DESGIZENVIZFAEZREDREENTWD L, ThbIFH
FELUTHIZAY Y FINTLUEW, PLCAeuler THEE
DEZEE TV M THBIIMEICREZNETHD. 25
W 2B E BT B 72 DI Point DA TV =7 Mzxt
UCEDREEEZEHL, H2A TV MIHLTEN
CAMERERNAREBDEGIIEENTH I ENEH
ETIRELZ ATV NTEIZEHETS. ZhbiE, Hl
L DFFIHE & AEHE PR U THEERD S Izl LT3
EDOTHLN, FHHEEETETIVEERT HE I
R TDBENDH L. FEBRIIHDZA TV 27 e
LR U~ ET, 2 D0 PLCA REIDE(MiME% E#5%T 5.

RIZ, 5.2 6547z Point, Line, Circuit, Area D&EED
& UF outermost 12X U THill#5&f4 Constraints, Consistency,

PLCAconnected, PLCAeuler =% L, “Ef PLCA %= &
#95.

B®BIZ, BT %AWV T PLCA 2 IRfNiIC#EE TS, 2
DFEFZTIE, Point, Line, Circuit, Area % HFIZHEKT D
DTIXAL, $%PLCARBIZHUT Area 2 1 DR 3
MR 7% B35 Z & T Area DA 1 DI X /- PLCA %
WEEHT 5. Area 29 2 & TEZNIINFEYS MDA
TV hDOBEHR 5.

32 A7V b
23fiCTRUZ4ADDA TV Y MIZDWTRY.
3.2.1 Point

Definition Point := nat.

Point lZ HWIZE T EZEHEDTHIVUE I W28, HRE
DOR5&E % FIH U 7-.
3.2.2 Line

Definition Line := Point * Point

Line IZ 2 D0 Point DFIZAR D KD EHELZ. ZOEH
T 1 D2HE 2 DHOBEROMEZKFT L7280, Z0
Line DEHIFHEFEERLTWD. ULEWoT, HWHID
HHHRIE reverse® FIVWTET.

Definition reverse(l :
(snd 1, fst 1).

Line) : Line :=

fst, sndk FZNTh, 15 1 ODHOEE, 2 ODHOD
BRE2ETNETNN) HITEETHD. Zhick), LED
Blfpz Ry LN TES.

F72, ZOD Line 2 Efre UTHR N2 NWE FITIATDOE
HEEHND.

Inductive eq_ul : Line -> Line -> Prop :=

| ul_refl : forall(l : Line), eq_ul 1
1

| reverse_ul :

forall (11l 12 : Line),

reverse 11 = 12 -> eq_ul 11 12.

eq_uliZ Line DFRfERAHRE R TIEFETH S, 5IHBUITH -
722 D0 Line MR L L THELWI £ 2K T, RIZ Line
EZDVANDOBERBRLINZEHT D, £9 TDHIIL,
WHEL) A MO RN EERER EQInZ EHET .

Fixpoint EqIn

(A : Type)(EQ : A -> A -> Prop)

(a : A1 : 1list A) :=

match 1 with

| nil => False

| a> :+ 1 => EQ a a’ \/ EqIn a 1’
end.
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Eqln & 13 & % FMEXE EQ% 5 BUCH S Z & T EQIZEHEWT
1MazELEWVWORETHS. ZN%EHi>T Line DEAE
BIfRDMREE LInk E&KT 5.

3.2.5 Circuit-constraints

BORMEIE 2 REIT 2 /20, Traild WD iddEE HET 5.

Definition LIn (1 : Line)(L : list Line):

EqIn eq_ul 1 L.

LIniX EqIniZ Line DFE{E%H eq_ul Z 5[ IR AT E Z &
TLine X ZDY) AMDBERBREXRLTWVS.

%12, »5 Line 7’ % Point DK ELETH D LD
HFEEEHTD.

Definition InPL (p : Point) (1l :
fst 1 = p \/ snd 1 = p.

Line) :=

ZHiLd B Line B3 % Point # 5L T L 2 KT
3.2.3 Line-constraints

Line Z i3 % 2 DO Point 23F—7Z > 72154, D
EOBAMENEL B.

Li

p

9 Line % X3 TRV

Linely = (p,p)
Linel, = (p,p)
9 O Line Mt 53K

MODE > HMEZZD., ZOKIZIZL & LIZHENS
Area BHDDT, I} & L XL ARIFER SV, L
MU, Line #8325 2 2D Point FE—DEDEZ L ZFD
2 D0 Line NFE UMORGEZ RT 222D, ThbHEKX
MEBIENTERN. ULEMN>T, Line 2K T5 2>
@ Point IX[[{—THRWE WS LM 2 M NAZE LT
COEZFEL 2. GINREZLTOL D ITERT .

Inductive trail :
Point -> Point -> list Point ->
list Line -> Prop :=
| nil_trail
forall(p : Point), trail p p (p::nil) nil
| step_trail :
forall (pl p2 p3 : Point)(pl :
(11 : 1list Line),
trail p2 pl pl 11
-> p3 <> p2
-> "LIn (p3, p2) 11
-> trail p3 pl (p3::pl) ((p3, p2)::11).

list Point)

Definition Line_constraint (1l
(fst 1) <> (snd 1).

: Line) :=

3.2.4 Circuit
Circuit DEFHIFLATDEYD TH 5.

Definition Circuit := list Line.

7272 U, Circuit WERIREHETH 5728, TR BHE
ERD. HRRMAIIERREIZR > T 2, VAR
DEIXINIULTHD L THD.

Trai LIXS[ U EN S IHFIZ, M, K, WEETH-
7ZPoint DY A K, WEFTiH>7 Line DY AMIR>T
W3, ZHXT T 7EEIZEITS ML AIVIZHY TS D
%%, Line IZEME L ARWVAY, Point IZEHLTE L. 1
D0 Point 5455 ML ANMLIEEY, Line% 1 D3 D
MFIFMATHNZET, FEORID MV AINEEDIL
WTX5.

RIZ, Circuit DFXIZDOWTDHIFIZEM %% X 5. Line-
constraints S5 E XX 2 L ETH DD, £EX 2D Circuit D
BEIFUTO LD R CTRENEL 5.

10 EX 2 @ Circuit TRIEME U 2 XFE

Circuit ¢, = [I7, 1]

Circuit ¢ = [I7,1;]

10 D Circuit DFELH KB

ZOMTIX, Linel; & Line b IFAHKRE UTIERAR >
TWTH, WAL UTIEAUARICEZ>TLED 20,
Circuit ¢, ¢y 2 Trail DB %5572 3 73, XLIZES LM
HEETIERER DI LIRS, LAED-T, ED2D
D Point IZX LT, TNHZEITS Line iF&~ 12& L,
Circuit DV AMDEIZ 33U EE U INHIZEST,
Circuit DFlFIZEMGZ L TO LS IZHRTE 2B TES.
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Definition Circuit_constraints
(c : Circuit) :=
Point, exists pl

(exists x : list Point

trail x x pl <)
/\ 3 <= length c.

U722 5T, Coqil&dBa= b TIRfRIZHENZNEE
ATEW., F/z, KT 2 mOBA LD Circuit 15742
EDELTHROND.

lengthid) A N Z B> TZTOEI 2 ETEKTHS.

Circuit [XE#E L 72E D H R U Circuit & UTHEODHES. U
723> T, Circuit D[EMENE% EHET 2 HENH S, Circuit
BT BMELE T A S OSHER BRI EIT o
fEE BRI ELT, FEEZEE2THLTILTHS.

Definition Area_constraints(a : Area) :=

(forall(cl c2 : Circuit),

In cl a -> In c2 a -> cl <> c2

-> "“point_connect cl c2 /\
“line_connect cl c2)

/\

(forall(c : Circuit),

"RIn c¢ (set_remove eqg_circuit_dec c a))

/\
1 <= length a.

Inductive Rot : list A -> list A ->

Prop :=

| rotSame : forall (1 list A), Rot 1 1
| rotNext :

forall (1 1° list A) (a : A),

Rot 1 (a :: 1’) -> Rot 1 (1’ ++ [a]).

ZIE 2 DD Circuit N[EFEXE 2 & —HT 2 HERITH
52 RITBETHS. ZNEHNT, Circuit DEEEH
REEETD.

Definition RIn
(c : Circuit)(C :
EgIn Rot c C.

list Circuit) :=

3.2.6 Area
Area DEFRIILATD@EY THS.

ZUE 3 DOFRE AN REMICE > TRA L TV DI Z
LTWa., ZO56EMG 1 ZHHDOGRMENIL Area NDAL
D 2 DO Circuit »° Point & 7z 1% Line T L TV ARWD
EERLTEY, 2 BHDOGRMEAIX Area (265 £15 Circuit
WCEHEETDHEENRN L ERLTWD. HEOMIEAIX
Area AR TE 1 DD Circuit 2502 & 2K LTS,

B3P, Circuit I UTCHMEEHZEZL TWE 2D, &
BITI2EREEERNIE, FEOEREY A NS
HIRT 22 EDES72) A MIHIBRU ZEEZOFEE%E
HEFERVEERE L. eq_circuit_decld, 2 DDFIEM
THODNEBRBINTVWIEELED ETHENE D 0% HE
FTE5RFETHD. 72720, Coq ldEEEHmIzHEDIL
b, —MRANZZ D & D BRIRFEIREAHES &\ D REEA R
W, UL7Z2dsoT, £9, ZORMGEOHRTE RN 23 L 72,
set_removeld ) A hOHFMNSLFEMEARERZEDRT 2 HOlF
T, TOHD 12723 2HIBRLUAZY AN ZRIEETHD.

RIZ, Area D L TCORMERE%ZEHET D.

Definition Area := list Circuit.

Z AT Area [ZX 9 B KRR R EINT 5.
3.2.7 Area-constraints
%7, (1) XD Point i & Line #f5i % Coq TEHT 5.

Definition point_connect

(cl c2 : Circuit) :=
exists 11 : Line, exists 12 : Line,
exists p : Point,

In 11 c1 /\ In 12 c2 /\

InPL p 11 /\ InPL p 12.
Definition line_connect

(cl c2 : Circuit) :=

exists 1 : Line,

In 1 cl1 /\ In (reverse 1) c2.

Inductive eq_area : Area -> Area -> Prop

| permute_area :
forall(al a2 : Area),
Permutation al a2 -> eq_area al a2
| rotate_c_area :
forall(a : Area)(cl c2 : Circuit),
Rot cl c2 -> eq_area (cl::a) (c2::a)
| trans_area :
forall(al a2 a3 : Area),
eg_area al a2 -> eg_area a2 a3
-> eqg_area al a3.

N5 %EMAWT, Area_constraints®E#H T 5.

permute_areald) A NDEED AN Z % U /2 Area IE
FETHZ VD EDTHS. rotate_c_areald Area D
DS Circuit Z AT 2 & —HWTHHBRICHDZ2DO0D
Area WEMETH D LD EDTHS. trans_areald iy
MThdZrezRLTWS.

B2, Area DEZE LV A NDAESHERZERT 5.

Definition AIn(a : Area)(A : list Area)

EqIn eq_area a A.
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3.3 Constraints
23 HiTEF L 7~ PLCA RELDHIFISAEDE 5 % Con-
straints & L C Coq TEFH L 7z,

Definition Lconstraint (L list Line) :=
forall(l Line), LIn 1 L ->
Line_constraint 1.

Definition Cconstraint(C : list Circuit)

forall (c Circuit), In ¢ C ->
Circuit_constraints c.

Definition Aconstraint(A :
forall(a : Area), In a A ->
Area_constraints a.

list Area) :=

Z N % H W T, PLCA & B O Constraints %
PLCAconstraints& E#%9 5.

Definition PLCAconstraints

(L : list Line)(C list Circuit)

(A : list Area) (o Circuit) :=
Lconstraint L /\ Cconstraint C /\
Aconstraint A /\ Circuit_constraints o.

e Circuit_constraints old outermost A% Circuit-

constraints 2§24 2 &2 XKL TW\5.

3.4 PLCAequivalence
PLCA £# 81 E = (PL,C A, outermost), E =
(P',L',C", A" outermost’) WH Zbh/-& &, b
MUTD 6 DDERMEDNTNNEW /T L E, EE N
PLCA &M T#H % £\, PLCAequivalence(E,E’) & il
F % 2. PLCA E{fild A R D 6 D DR 1% i > TIRHHAM
ICERIND.
2y, ZITHWSHNS permutation & 12 DD Y Ak
IZRHLUT, FADEFREWOFHERDLEIRADY AN
—HI5 L5 REABREERL TS,
permutePLCA
# D A bW permutation D BHFR 2 dH B PLCA IETD
PLCA & PLCA {liTH 5.
reverseLine
LODSEEAEEFED Line 12 reverse# i@ U 7z PLCA I35t
@D PLCA & PLCA FfliTHh 5.
permuteArea
ADEEHTIZED Area % permutation DEIfRIZH D Area
(i F R 728 D% KD PLCA 136D PLCA & PLCA
EfiTH .

2 E, E' |l PLCA RELBZDT, TDOEHEMS Constraints 2 fii /=3
2, (P,L,C,A,outermost),(P',L',C’, A", outermost) 1&Z N s
$ L ¥ Constraints % 72 X 2WEDIZDWTEZEfiMEIZER T
¥%. ZITIRPLCARBUZEHLU T Z2ED S,

rotateCircuit
C& AIZR LU TH B Circuit & [FAMERIFRIZH S Circuit &
TIZx U CHE#E % U 7z PLCA 1&5tD PLCA & PLCA
EffiThD.

rotateOutermost
outermost % [A]#iz X 7z PLCA (356D PLCA & PLCA
EfiTHS.

PLCAtrans
A & B2 PLCA EftiThH VY, B & C A PLCA Efii T
HBHLE, AL CIXPLCAEMTHD.

O &SI EETD LT, AWK, E =
(P,L,C,A,outermost),E’ = (P',L',C’,A’,outermost) Z
HUT, P& P % permutation DEEARIZHY, L& L' B
5HFED Line 2 KEEXE2 & —HT 2 L5 BHERKRIIHY,
C, AD®H% Circuit (2 UTHEEL 28D C, A &—
T5 &5 BEBRTHS & X, permutePLCA, reverselLine,
rotateCircuit, PLCAtrans% flA&HE S Z & T, E,
E’ I3 PLCA %fiiTdh 2 LFFHTE 5.

3.5 Consistency
3.5.1 P-L,L-C,C-A,outermost Consistency

25 TR UM% Coq TR L2 a3 — RD—#H %R
9. P, L C AFBIEEUTHNFTERINT VD20,
FEEIIBEIZSE U T IS DRI BTN <.
P-L Consistency

Definition PLconsistency : Prop
forall (p Point), In p P ->
(exists 1 Line,LIn 1 L /\ InPL p 1).

Definition LPconsistency Prop :=
forall (p Point) (1 Line),
In 1 L ->InPL p1l ->1Inp P.

ZHE (3), (4) A% Coq TRELAZEDTHY, IFLA
EEHBTDFEFFEFDORTEITS.
3.5.2 Distinct
&P, L C, AVANEULTEELALLZD, Z0hb
MENTNEEUZBEREEE RV WD EME2EMNT S
PBERHD.

Definition DistinctP : Prop :=

forall (p Point),

"In p (set_remove eq_point_dec p P).
Definition DistinctL Prop :=

forall (1l Line),

“"LIn 1 (set_remove eq_uline_dec 1 L).
Definition DistinctC : Prop :=

forall (c Circuit),

"RIn c¢ (set_remove eqg_circuit_dec c Q).
Definition DistinctA Prop :=

forall (a Area),
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"AIn a (set_remove eq_area_dec a A).

eg_point_dec,eq_line_dec,eq_circuit_dec,eq_
area_decldTNZN, ATV bDRT WEMEN E
OIMEHEST DRETH Y, TOPEATREMEIIHRZEH L
TW35,
3.5.3 PLCAconsistency
INHE2RTE LT, Consistency LA RD & 5 IZEKE]
L.

Definition PLCAconsistency : Prop :=
PLconsistency /\ LPconsistency /\
LCconsistency /\ CLconsistency /\
CAconsistency /\ ACconsistency /\
Outermostconsistencyl /\
Outermostconsistency2 /\
Circuitconsistency /\ Areaconsistency /\
DistinctP /\ DistinctL /\

DistinctC /\ DistinctA.

Inductive PLCAconnect
object -> object -> Prop :=

| PLcon forall (p Point) (1 Line),
In p P ->LIn 1L -> InPL p 1

-> PLCAconnect (o_point p) (o_line 1)

| LCcon forall(l Line) (c Circuit),
InlL ->IncC ->LInlc ->

PLCAconnect (o_line 1) (o_circuit c)
| CAcon forall(c Circuit)(a : Area),
IncC ->InaA ->1Inca ->

PLCAconnect (o_circuit c) (o_area a)
| SYMME forall (ol o2 object),
PLCAconnect ol o2 -> PLCAconnect 02 ol
| TRANS forall (ol 02 o3 object),
PLCAconnect ol o2 -> PLCAconnect 02 o3
-> PLCAconnect ol o3.

Consistency DEFH LA 7Y =2 M D Consistency &
Distinct D2 TORMEETH D . JEMER R 2 M 5720,
ZZTIEBIED P, L, C, A, outermost IFEML TRT.

3.6 PLCAconnected

PLCAconnect [ZB18UZ 202D A TV =7 M EWE N, £
D7 7Y 7 b Point, Line, Circuit, Area D 4 Fi¥HdH
‘), Line & Point, Line & Circuit, Area & Area 2 EHlAE
DL EREAET S, ULENoT, 510N —EIZkZx
LW, £ TORZEL EARLE U T object Bl Z FHREL,
PLCAconnect D5IZ DA% object Bl & UT—HIIEE S
K5Iz 7.

R ENMNERTEEDIE 261 HiEALUTHS.

PLEIZEY, 25 PLCA RBIZHETI2E2THOA TV
2 N AYHE NI PLCAconnected THD Z L LA TFD LI
RUTED.

Definition PLCAconnected
forall (ol o2 object),
OIn ol -> OIn o2 -> PLCAconnect ol o2.

Prop :=

YEMER RO 20T B 728D, ZZTIBIED P, L, C, A
outermost |¥EWE L TRT.

3.7 PLCAeuler

Inductive object :=

| o_point Point -> object
| o_line : Line -> object
| o_circuit Circuit -> object
| o_area : Area -> object.

Definition PLCAeuler
length P + 2 * length A
= length L + length C.

Prop :=

AT, object BIZK T2 WAERBREXRTRIES EH
5.

Definition 0In(o object) : Prop :=
match o with
| o_point p => In p P
| o_line 1 => In 1L
| o_circuit ¢ => In c C
| o_area a => In a A
end.

(1) RE2IAFAZFEDLENEISIIARERZLTCIDL
DIILEH U, BERLIE, CoqldHARMZ — RN KL
UTHRELTEY, TOHRNOMAIERE ERZINT VD
M, BRETHZ/-OF 1 FADOHBEFERN0 2 TE S
&, EUKBRWEEAZLUTULED. Coqlid~vo(FA%IE
UKD 72bDT714 77V EREINTVEN, 22Tk
AT AEEDTIIHR %GR T L TED LS AfE
% )5kt U 7=,

3.8 PLCAplanar
263 Hin5, IFD &S Z PLCA Otk % ik § 5
ZLINTX5.

ZNiEdH S object oW PN LDCHMHADVDTNNIZE
FNDIL2REHRLUTWS. 5%, PLCAconnect [N
PIZERTDIENTED.

PLCAconsistency /\ PLCAconnected
/\ PLCAeuler

YEME R RO 28 Y B 728D, ZZTIBIED P, L, C, A
outermost I3BM L TRT.

10
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3.9

JF#IEY PLCA

JF#N PLCA % Coq L CREH#KT S, 518U P, L, C,
A, outermost T 5. WK FIX32HY, 1 DIFHEEEL R

% PLCA &KL,

1 D%d % PLCA IZH S 2 XA H >

7-HEZH D Area & EIT D & O BEEERITV, BEOD ]
DIEdH D PLCA IZHIET 2 BB H > /I IZH D Area 12
MSZU PR 2 809 2 8F 2175, BRI THER
B EDOMIZA, D) R T VEHD 2O X % > TE#
I 5.

DARMZD 3 DOMKRTTH5.
single_loop

TAIEEME Y 2B PLCA ST A2MEEERL TV
5. 1 DOFMERIP LR BMAMETH D.

L
pr P2
la a [z
C
P4 P
L —
outermost
11 single_loop

E = (P L,C,A,outermost)

P = {p1,p2, p3, p4}

L= {ll,l2$l3’l4}

C = {c, outermost}

A = {a}

Iy =(p1,p2) outermost = [I],;,15,I;] a={c}

L=(pnp3) c=[.1;..]

I3 = (p3, pa)

Iy = (ps, P1)

11 DFEHHEI
11 TIRIUATETERIELTWE D, WUATETH D NE
1372 < 3 DLAE®D Point 2 5 72 5 BRIREEE 1278 > T W
NiEEw., BRI ATV 7 M Area DA D 22
D a, Circuit 2 DHIEDON LA D ¢ & outermost
TdH%. Line & Point 13 Z ORI EENBZEDE
TTh5.

add_path

add_path (% Area % %925 Z & TH LWV PLCA %15
B1-DDARL —RTHb. H5 Circuit Z¥EL, <
DHOD 2 DO Point il & SIS A 2ED. WNADEX

WBEETHY, BT < D Point ZHl> TEEDA.
9, NA%%KT simplepathZ R7.

Inductive simplepath :

Point -> Point -> list Point ->

list Line -> Prop :=

| nil_path : forall(p : Point),

simplepath p p (p::nil) nil

| step_path :

forall(pl p2 p3 : Point)

(pl : list Point) (1l list Line),
simplepath p2 pl pl 11

-> "In p3 pl

-> simplepath p3 pl

(p3::pl) ((p3, p2)::11).

simplepathid Trail X LT\ % A%, Trailh® Point D
FBEEFHTOIZK LT, simplepathid Point DEE %
FTENRLRD.

RIZ, add_path iZ & > TfEH S PLCA DOH % RT.

pi < 24
C:
a
Ls ! ls
Ps
Le l2
ai ci
e -
ls <€ P
outermost
12 single_loop — add_path
E = (P, L,C,A,outermost)
P = {p1, p2, p3, s, ps}
L =1{l,h,5,141s5,16)
C = {c1, ¢y, outermost}
A = {ay, az}
Iy =(p1,p2) outermost = [I],1;,15,I;] a1 ={c}
b=(pnps) o =L1L1L1515] ay = {c2}

L= (ps,ps) c2=II1,1,15]
ls = (pa, P1)
Is = (p2, ps)
ls = (p1, ps)
12 DR S RE
12 i% single_loop Z add_path Z#MH L - % £ L
TWwa. 2FY, X 1112 add_path % @M U 72 XA5X

12ThHd. ATV NOELEFLERHTRD &,

11
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NEAL, o BFL<BIMIXN TN,
X 52 Areaa B¥ a) \[ZEALL, a WEIIINTWVWS.
Line & Point IZBMINANS2A 2R T2 DL IF8E
mxns.

add_loop
add_loop I add_path LA U<, # LW PLCA 2155 /=
HDARL =L TdH%H. PLCA IZHNL U 7~ BhfR % &
md 22 &THULWPLCA 2135

Circuit ¢ D ¢;

pi [ P2
5
ps e
ls o c s
e ‘ d > l2
g Ly < C:z d
a C >
P ls < ps
outermost

13 single_loop — add_loop

E = (P L,C,A,outermost)

P = {p1,p2, p3, P4, P5, Ps> P7, P8}
L ={li,b,13,14,1s5,16,17, 13}

C = {c1, 2, c3, outermost}

A = {ay, a2}

Iy =(p1,p2) outermost = [I7,17,15,1]
L= (p2p3) o =I[,1.5,05]

I = (p3, p4) =150, 15, 13)

ly = (pa, P1) =5,6. 5,51

Is = (ps. pe) = {c1, ¢2}

ls = (ps, P7) ={cs3}

l; = (p7.ps)

ls = (ps. ps)

X 13 DFl B RE
13 I single_loop (< add_loop Z @M L /-4 % £ L
Twa. DF Y, X 1112 add_loop % #MH L 72 XA
13THd. A7V bOELELERBETHS L,
Circuit cz & ¢y WU <BIMI N, Areaa D’ a) IZE
EU, #H UK Areaay WEBEINTWA. Line & Point
eI iRz kT 28D TENINS.
J&#1# PLCA(IPLCA) single_loop, add_path, add_loop
EHWTIRMBICHE S NS PLCA E %2 B
PLCA(IPLCA) ¥\ M\, [nductive(E) £ k3 5.
AN PLCA ORERETTEIE 1 DO~ 51k UHTE

RS ERER2015F3 898

ORI ZEIK ZLIZE>THRE L RHEEHIC Z &
YT 5.

MzIE, M14%2E25. ZOMORMEHIZX 15, 16
D2i@Y HY, TNENWIET D PLCA RIL LTI T
DEFANEFNRIZD.

14 EEOREHERH 2 KK

= T 1= 0

15 REEGIET D 1

= U= |0

16 WEAIETD 2

15 1%, single_loop — add_path — add_loop &\ F/iE
THhY, 16 1%, singleloop — add_loop — add_path &>
DFIHTHD. FRL LU THELND PLCA KRB P, L,
C, ADY A LDV ED ST, PLCAEFMTH 2.

MIZK 1T 2 Z 2 5.

17 WEHFEN 1 DU BVEIE

12
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ZOXMDOREHIFX 18, M19D 2@ HD LHIZED
Nna.

= = [

B 18 7721 DOMEE Ak

18 1% single_loop — add_path — add_path &5 FJET
H5.

= O |=| U

19 & > - RO

UMD U, K19 IR FIETIIEETE R, single_loop
IZ add_loop 2 WM 2 Z L THICHIDOFEEKZEML, &Y
DEBsr % add_path ZEHT D I L TR TEI DL DICHX
%73, add_path IX[A U Circuit ND 2 DD Point % f§7E U &
WEWITRWED, ZITIREHATE I LA TERN,

PLCA KD HIZ, MEFIENPERHLZEDL 1 DUM
BNE DD B DIFINA PLCA DRTH S, LR
#f) PLCA ETREMIZ4T o720, MR TS DA L —4
EEHBTIGEICEBELATNIERLRVWETH .

4. GEBA

S ={(P,L,C,A,outermost) |

Pisa set of Point,Lis a set of Line,

Cisa set of Circuit,A is a set of Area} (14)
EUTURZ23Y 5.

E e S IZXUT 33 HiTREHI N7z Constraints % i /29
& &, Constraints(E) L itk 9 5.

4.1 PLCAequivalence D7 I H

PLCA %fi (PLCAequivalence) & PLCA D F /25 & T
& % Constraints, Consistency, PLCAconnected, PLCAeuler
ERETS. 25D WHEIZWTIE PLCAequivalence (2
MY DRMEICEL ST, GEHT D ZEMNTES. HIRIT,
Constraints Z{#Ri3 2 Z X IZDOVWTIEMTORTEINS.

VE,E' €8S,
Constraints(E) A PLCAequivalence(E, E")
= Constraints(E") (15)

Z DM A 300 7 TREADSE T U 7.

fHDOMWEIZDOWTEFRKIZR I NS, Consistency DI H
DFEHADYY 500 17, PLCAeuler D& DFEHANHK 50 77T
58T U7z

4.2 Y@M PLCA & JR#HEI PLCA D—H

3.9 fi TR U IR PLCA D2 5 AMVEHI PLCA @
JIAE—HTDHILEIEHAT L. BENIZIE, EEOF
MHif) PLCA 12 U CE M & PLCA i &2 I##lHY PLCA A%
FHETDZ e %2AMHTS. 2.6.3 HiTmr U7~ PLCA O
PESMED HEIAT R EIMEEIXLA T DO X D IZRBTE 5.

Z 2T, Consistency(E) 13 PLCA RIS U TEHRI N
TWBIREELEN, S DERTHD EIZHFUTEBREEZLREL
728D &3 3. PLCAeuler(E), PLCAconnected(E) \Z D\
TEHHEMKETS.

VE €S,

( Constraints(E) A Consistency(E)

APLCAeuler(E) A PLCAconnected(E)

o

(AE’ € S, Inductive(E") A

PLCAequivalence(E,E’)) (16)

4.2.1 B9 PLCA OFmE M4

7, (16) ROLEFINZOWTEHHT 3. IR PLCA
I3 PLCA ThH D, 28D NN PLCA 2 PLCA D
SEEMESAF B & O Constraints % #5729 Z & & 2 Z 1EERH
T5.
PLCAconstraints, PLCA-consistency

Theorem IPLCA_satisfy_consistency_
and_constraints
forall(P : list Point)(L : list Line)
(C : list Circuit)(A : list Area)
(o : Circuit),
I PLCAO
-> PLCAconsistency P L C A o /\
PLCAconstraints L C A o.

ZD2DODFMIFTTDBELU THEHL &S & LA, #
LD IEBEIZ BV TBHVOREEZ BEL U
72, D2 DEFIRHIGEHE U, GEHOTBUEH
3000 FTiZ7 o 7=,

PLCAconnected

Theorem IPLCA_satisfy_PLCAconnected :
forall(P : list Point)(L : list Line)
(C : list Circuit)(A : list Area)

(o : Circuit),

I PLCAO ->PLCAconnected P L C A.

13
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ZDEMEFEHT B 20121, A PLCA D 3 DD
R+ D > 5 single_loop A PLCAconnected % Ji5 723
Z & ZGFEAAL, D add_path, add_loop =AU &
F {2 PLCAconnected Z fRF L TV 0% FHN 5 HEH
Nbd. %BEDIWSIFFHEIZ2H L PLCAconnect 12
XY DIANEIC L > TREHT S Z & TTE /2. GO
FTEUZERTHI 1500 171278 2 7=
PLCAeuler

Theorem IPLCA_satisfy_PLCAeuler :
forall(P : list Point)(L : list Line)
(C : list Circuit)(A : list Area)

(o : Circuit),

I PLCA o0 ->PLCAeuler P L C A.

PLCAeuler 13 A M DEREZ1T & RD 70, VRN
PLCA DA 7Yz AL OBFRENE2%E 2 2 BEMNA
<, BADERZ I CAHHZ BRI TDE L NTES.
F7z, Coq Zid omegad VS #A% HEEIHT S Z &
ZRbU72ax Yy RRH B 720, ZhEHWDE I LT
iE % EOTEHM 100 171572 2WIE E DN X 7R FERH
2o/,
WETNE IR PLCA (23 2 Iiikic & > Tt %
ZEMTE .
4.2.2 @M PLCA HIRMEI PLCA TH3 I &
WIZ (16) ROEH T DOWTEHT S, HHTAIR
I, AFDOXRTH 5.

YE €S,

( Constraints(E) A Consistency(E) 17
APLCAeuler(E) A PLCAconnected(E) )

=

(AE’ € S, Inductive(E") A PLCAequivalence(E,E’) )

Z ORUIF I MESM % 729 PLCA & PLCA i’ € D
MPIFELT, ENDVRMEY PLCA THBETI VWS 2L
ERLTWS.

JRANAT PLCA 2R3 AB0C 1 DD 287 5
AT NOBPEASDT, A7V Moxt
UChNEZ2EH U CEE L 2. MR T 28M 32720
12, 1 DT DOEMPEZ 4TI "D Area DA TH D7~
&, FEHAIE Area DI A T B Ihik & W THT .

FEBHD FEHI AT O@EY) TH D, 73, PLCA OFMHME
SRz, YR JTHEET Area DEE | DS 3 Z & T Area
DN 1 DDBRNEHMDZRM %2185, T ZITIRAIDIRKE
ZWHT S Z & T Area DED 1 DA WIRHIK PLCA %
8%, U THEAZIZ, add_path, add_loop T Area D% 1
DX FT I THAZTD. Area DIES L HIZIZ2ED D
HEOMPEEL, TNENDHFEITBWTIIHE RIS

PBENRHD. 4.1 FiLk!) PLCAequivalence AN EEMEIZ HE
BEMERGFETDZEMHEHINTHEODT, ZOME
TS, AFICEHOT Y M7 41 V%2R,

9, A Z Al =001 <|A| THEDTZETD.

Al = 0 D& 1L, Consistency S TFD LD IZFHE%
WL ZEYWNTES.

) A RizEk>T, CciEdr< L outermost & EL0.

(2) (6) N2 & > T, outermost % KT D Line I ¥ L1245
EFNTVDIEFTTHS.

3) (5) K2 &> T, outermost & IXH ST D Line I~ % &3
Circuit c WEAET 2 IETTH 5.

@) (8) Mz &> T, D Circuit ¢ & outermost TlTRWN 7~
D, c2ELEDB Areaa WEETDIETTHS. =
N, Al=0DIRELFETS.

1 <|A| DEEIE, X5 AT DIREIC & > TRE
HELTD.
Al =1 DBE
ZDEEIE, 1 DOEMERZ TN SR D EMAXE L
MWEZLNZD, ULEN->T, WK PLCA 3R T
single_loop (Z & > THEEET X 3.
Al=nQ2<n) ZRELT, Al=n+1%3AY 255

HRIODIREL, |A] = n D& JIEMHMSM: L Constraints
72351, £ 0 PLCA WIRNAICHERE I D &
WHZETHS., ZN2RMHTH2DITE, Al =n
D& X DML & Constraints % il 723 BENH
5. TOROITIE, EHFICHET S (Al %2 1 D21
SR &V, ZEL, FHERGEMRT IO AES L
HixTEnw, fIzZE, M192EFEX5. 203 %KH
DI TIE Area DL 3, 2 BEHOHTIX 2 ATH
5. LML, TO&I2RBHLEETR L, BHN7
PLCA RBUZ T HEMESRME 2 7 X 2. IEUWFIEIC
FoT, ANOREDEZZHIFRL, TIIZADET
WEBERZI ATV NE P, L, COHIREZI
BT 5. UEOTHIICE>T, H2 PLCA RHM
5 Area D% 1 D5 U7z PLCA KB % HERKT 5 &
> 7 B4%X MergeArea_Function % €% 9 5. WIRIZA T
VX NBRWED R Areaa; #1281, a) IZHL
T HI%X MergeArea Function 2 #H 325 Z & T, a &
ay CBHET D Area DEREITD. A TV =
R DAE Area WIEAET D Z L IZLL T OME T L
TW53 [14].

(P 1) SEEMPLCA IZHWT, HERICA 7Y =7
MR NE D7 Area, DF D ENH/27Z 1 DO Circuit
DHEELE D73 Area BT 1 DLAEIZFET .

MergeArea_Function 1% a; DM Circuit DARAEH E
DESIZBODTVODEINIZE>THERITLUTEET S.
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9, AMINZDH D Circuit 3272 1 DU DBRWEES % E
25,

Area az

Area ai

20 AMHIOD Circuit 237272 1 D U AR WEGE

Z0HBE, K20 ITRT & D RMIL U B TH B
CLEETE D, L-> T, Hihizllkss & T
Al %2 1 DO TIENTES.

WIZAMINZ & 2 Circuit 22 fHLA ETH I GEEE 2 5.

Area az .~

as as
Area ai

a4 as

.
-
.,
-
)

E21 MO Circuit 2377 1 DTEAWES O]

ZDGE, K21 IZRT DI, Areaa DNMID 1 D
D Circuit & EEDHIMUOD Circuit H32 NZNDEED
Line 23 AL TWVWBIRETHY, H5 1 DD Area &
DOHEHNZHIRTDZLT, A2 1 26T L
MTED. FIAIE, K21 OKEBED &S 2HBHT
HY, KiRg2HRETDIE a1 & ag BWHEINT 1 OD
Area |28 5.

MergeArea_Function 2 M ED X S IZEHEL T, #HT
%L |Al=nTdhdPLCAREE %2135. E DA
DIRETH 2 Al =n DL EDVEMEDSZM & PLCA-
constraints Z /29 LA T E 2 DT, RMDIKE %
BWHTES. ZOE, (Al =n DEEIZATORDAL
URVASN

dE’ € S,
Inductive(E") A PLCAequivalence(E,E") (18)

B 12, add_path, add_loop D &L S0 EEMAT 3
ZETA 2 1 DHEXT. Eb o 2#HT 20N,
MergeArea Function % i#H U 72 BXIZ ¥ D & 5 12 Area
RHIBR U 200 K7 5 5. B2 HIRR L 254818,
add_loop IZ & > TIED PLCA 259 5. F/-, tFH
U TV D Line & HIFk U 7235& 1%, add_path (2
XoT|Al=n+1THZ7TDPLCA 21859 5. IRl
DIREEFAT 2 Z & T, AT NEROERAITTO
PLCA IZH LTI NLDZ EANRB.

=S
5. &&i

FEHHZEAT O BRIZ, MBI R 9 2T OVWTEL <
N3,

5.1 PLCAequivalence %7z 3 142 D5EEA

PLCAequivalence (2B U T PLCAconnected 2MEAE X 15
EVWSHEIZDOWTHEHZAAS & P EICFEHNE
MIZRY, FIHZRBIEE I LTI Aoz, G
PLCAequivalence IZX19 % fiflik = vy, &K THE
STULTHEDS. YOMETE2EHLTEZORERLN
%% D W PLCAconnected % {723 Z & %, §NTOHE
WX UCREFT 2 B8 D 5. 20D L SHERLT O H O R
BTINEDD Z MDD 7280, FFHHT X I PLCAconnect
DORMNELTUED MUICERLATNEZR SV, Filx
I&, Line BIOZR 112 LT, B reverse%®#ifid 5 2
EWHY, TOYEIL reverse 122V BRINZ(LLTUE
5. UEM->T, FEULOBOHENBRELZY, FEH
MR R 7.

5.2 FmM PLCA H' @il PLCA T % LEA

FEHD SEIE SHITRUZBY THD. £, #HEH 11
DWTIE, FEHHIZINTHS (14 £ 0D, EAbEKE
MR MENHY, Coq il LDEAMLIEEAZTETNA
W, X 50T, SEHEK PLCA MV PLCA TH 2 Z & Dt
BHODHT Consistency % -9 % & 5 12 PLCA Fffi &2 2 D
@D PLCA £Hb S HIZEHR DA TV =7 h2Hlkk, Bind
SRBBENDH 57, O XD EEMFEE L TE PLCA Fiitk
PREEIND Z L DFEIHE KR TH 5.
6. fEim

EPEZEIFRIL PLCA (20 U IR I REEE 3 2 TkIcD
WTRL, T VEEMZ2NZ9 2 L 2L 2. AL
I% Coq 2 FIWTATW, NEA DG Tk Coq 1 & D EFHEDY
ST U, ZUTE-T, BELRI2ENDS 2 DOEME
&> TSNS XIS IZ 463 /il T X 2 &0 5 b
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2R ZENTE A, F/2, FHICHE T % PLCA M
FHH PLCA THEET I 2IHOMIEEZ RT Z LA TE /.
F /-, PLCA Oz >WTE RN EETER 52, 7
DME L LT PLCAconnect % BRWTCEFEANE T LTV 5.
FHIIERB E TR T UTOAWERSE H D2, Bz 1T
52 LT, PLCA 2 FEEL2 T IHHEEILEBIIATRRED
WhHdIrEbhor-.

AHFRIE, INEFTELHEIZODVTIREAEERINT
WMz E B REUC T U CEHETRERE T IV & 5 X
EROTORAE N> T I, F2, EHEHHOHE ST
WZHWWTIE, EMEfitHme S, INETISHORN-
BTt U CTH A2 nBEAHLZE VWA D,

SHOBEL, Fo W< ONGEH%Z TR I Y TifH %
SEERBEDIZTEI X, BITMETITODN TN ED
AR % EEEERA A CREE REIIHE 5 2 5 Z 8 R ENEIT S
Nnd.
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