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Abstract

We propose a new framework called PLCA for
qualitative spatial reasoning. PLCA provides a
symbolic representation for the figure in two-
dimensional space, that focuses on the connections
between regions. It is based on the simple objects:
points, lines, circuits and areas. The entire fig-
ure is represented as a combination of these objects.
Pairs of areas, circuits or lines never cross. PLCA
provides not only mereological reasoning between
regions, but also topological reasoning. Moreover,
spatial semantic reasoning is possible by adding at-
tributes, such as the properties that hold in the re-
gions. We compare PLCA with existing qualitative
spatial reasoning methods, such as RCC and the 9-
intersection model, and show that PLCA is upper
compatible with them.
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1 Introduction
Recent advances of computer performance and network in-
frastructure have increased the opportunities for various users
to use spatial data, such as figures and images. Since spatial
data are generally stored and processed as numerical data,
their processing requires more memory and time, as com-
pared to processing text data. Therefore, an efficient mecha-
nism for spatial data processing is desired. The more refined
the data used are, the clearer and more precise the figure is.
However, refined data are not always necessary unless a clear,
precise figure is required. It can be sufficient to know the
number of objects or the positional relationships of the ob-
jects in a figure depending on a user’s purpose.

Qualitative spatial reasoning is a method that treats im-
ages or figures qualitatively, not quantitatively like numeri-
cal data, by extracting the information necessary for a user’s
purpose [Cohn et al., 2001; Renz, 2002; Stock, 1997]. It has
many applications, including Geographical Information Sys-
tems(GIS) and image processing. Region Connection Calcu-
lus(RCC) [Randell et al., 1992] is one of the representatives
of the theories for qualitative spatial reasoning. It considers
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Figure 1: Simulation of fire

a space as a set of regions paying attention only to their rela-
tive positions. It is a simple, elegant theory that is suitable for
mereological reasoning, but the abstraction is rather coarse
when treating realistic problems. For example, consider the
qualitative simulation of a fire burning from a certain spot.
The area burning increases as time passes. We want to con-
struct a barrier to stop it from spreading to the right. Figure 1
shows a qualitative model of this example. The circle shows
the predicted region of burning at some instant, and the rect-
angle shows the barrier. The spread of the fire can be stopped
in case (a), but not in case (b). In both cases, however, RCC
regards the circle and the rectangle as overlapping. In GIS
or image processing applications, such discrimination of the
connection patterns of regions is essential in many cases.

In this paper, we propose a new framework called PLCA
which provides a symbolic representation for spatial data
using the simple objects: points(P ), lines(L), circuits(C)
and areas(A). In PLCA, no pair of areas has a part in com-
mon, and every pair is either point-connected, line-connected
or disconnected. Symbolic representation enables compact
information at the level that is suitable for the user’s purpose
and allows rapid processing. Its simple, clear data structure
makes the system easy to implement and feasible. Moreover,
if we add attributes such as size, shape or direction, or seman-
tical properties (e.g. what an object stands for) to each object
in PLCA, we can perform more fruitful reasoning. PLCA
is more expressive than RCC since it distinguishes the con-
nection patterns of regions, while RCC does not. It can pro-
vide detailed information, such as the connected segments of
the borders and the number of pieces that constitute a region.
PLCA has the same expressive power with another method of
qualitative spatial reasoning, called the 9-intersection model.
We discuss the correspondence of PLCA with these two rep-



resentative methods, and show that PLCA is upper compati-
ble with the existing qualitative spatial reasoning methods.

This paper is organized as follows. In section 2, we present
the formal definition for PLCA. In section 3, we introduce
an attributed PLCA and discuss its reasoning. In section 4,
we compare our approach with other works. And finally, in
section 5, we show the conclusion.

2 PLCA expression
2.1 Definition of Classes
PLCA has four basic components: points, lines, circuits
and areas.

Point is defined as a primitive class.
Line is defined as a class that satisfies the following condi-

tion: for an arbitrary instance l of Line, l.points is an array
[p1, p2] where p1, p2 ∈ Point. A line has an inherent orienta-
tion. l− means the opposite orientation [p2, p1] if l = [p1, p2].
l∗ denotes either l or l−. Intuitively, a line is the edge con-
necting two (not always different) points. No two lines are
allowed to cross.

Circuit is defined as a class that satisfies the following
condition: for an arbitrary instance c of Circuit, c.lines
is an array [l∗1 , . . . , l

∗
n] where l∗1, . . . , l

∗
n ∈ Line(n ≥ 1),

l∗i .points = [pi, pi+1](1 ≤ i ≤ n) and pn+1 = p1. In-
tuitively, a circuit is the closed circuit that is constructed by
connecting n lines.

For c1, c2 ∈ Circuit, we introduce two new predicates lc
and pc to denote that two circuits share line(s) and point(s),
respectively. lc(c1, c2) is true iff there exists l ∈ Line such
that (l ∈ c1.lines) ∧ (l ∈ c2.lines). pc(c1, c2) is true iff
there exists p ∈ Point such that (p ∈ l1.points) ∧ (p ∈
l2.points)∧ (l1 ∈ c1.lines) ∧ (l2 ∈ c2.lines). A circuit is
a border between an area and its adjacent areas viewed from
the side of that area. An array of lines itself can represent the
concept of circuit, but we use the class Circuit for conve-
nience.

Area is defined as a class that satisfies the following con-
dition: for an arbitrary instance a of Area, a.circuits is a
set {c1, . . . , cn} where c1, . . . , cn ∈ Circuit(n ≥ 1), and
∀ci, cj ∈ a.circuits; (i �= j) → (¬pc(ci, cj) ∧ ¬lc(ci, cj)).
Intuitively, an area is a connected region which consists of
exactly one piece1. No two areas are allowed to cross. The
final condition means that any pair of circuits which belong
to the same area cannot share a point nor a line.

The PLCA expression E is defined as a class that satisfies
the following condition: for an arbitrary instance e of E ,

1. e.points is a subset of Point

2. e.lines is a subset of Line

3. e.circuits is a subset of Circuit

4. e.areas is a subset of Area

5. e.outermost is the element of of e.circuits.

We assume that there exists a circuit in the outermost side
of the figures that is called outermost. Intuitively, the entire

1We use the term area instead of region, since area as used
in this paper is a different entity from the region generally used in
qualitative spatial reasoning.

space is encircled by the outermost circuit and divided into
the number of areas.

Example 1.
We present the PLCA expression e for the figure shown in

Figure 1(a). We assume that couter is the outermost circuit in
the figure. There are six areas, eight circuits, nine lines and
five points. Figure 2 shows the names of the objects. The
total PLCA expression e is given as follows.

e.points = {p0, p1, p2, p3, p4}
e.lines = {l0, l1, l2, l3, l4, l5, l6, l7, l8}
e.circuits = {couter, c0, c1, c2, c3, c4, c5, c6}
e.areas = {a0, a1, a2, a3, a4, a5}
e.outermost = couter

l0.points = [p0, p0]
l1.points = [p4, p1]
l2.points = [p1, p2]
l3.points = [p2, p3]
l4.points = [p3, p4]
l5.points = [p1, p4]
l6.points = [p2, p1]
l7.points = [p3, p2]
l8.points = [p4, p3]
couter.lines = [l0]
c0.lines = [l−0 ]
c1.lines = [l−1 , l−5 ]
c2.lines = [l−2 , l−6 ]
c3.lines = [l1, l2, l3, l4]
c4.lines = [l−4 , l−8 ]
c5.lines = [l−3 , l−7 ]
c6.lines = [l5, l8, l7, l6]
a0.circuits = {c6, c0}
a1.circuits = {c1}
a2.circuits = {c2}
a3.circuits = {c3}
a4.circuits = {c4}
a5.circuits = {c5}

2.2 Consistency of PLCA
If the PLCA expression e satisfies all the following con-
straints, e is said to be consistent.

1. constraint on P-L For any p ∈ Point there exists at least
one line l such that p ∈ l.points.

2. constraint on L-C For any l ∈ Line, there exist exactly
two distinct circuits c1, c2 such that l ∈ c1.lines, l− ∈
c2.lines.

3. constraint on C-A For any c ∈ Circuit, there exists ex-
actly one area a such that c ∈ a.circuits.

These constraints show that a PLCA expression does not
allow the isolated point nor the isolated line.

2.3 Two-Dimensional Realizability
For a consistent PLCA expression, there exists a figure
in n-dimensional space. In general, it may not be two-
dimensional.

Example 2.
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Figure 2: Names of the objects
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Figure 3: PLCA-expression unrealizable in two dimensional
space

We give a part of a consistent PLCA expression e as fol-
lows.

e.lines = {l0, l1, l2}
e.circuits = {couter, c0, c1, c2, c3, c4}
e.areas = {a0, a1}
couter.lines = [l0]
c0.lines = [l−0 ]
c1.lines = [l1]
c2.lines = [l2]
c3.lines = [l−1 ]
c4.lines = [l−2 ]
a0.circuits = {c0, c3, c4}
a1.circuits = {c1, c2}

There are only two areas a0 and a1, but a1 with two cir-
cuits should consist of one piece. The corresponding figure
is shown in Figure 3. We cannot realize the expression in
two-dimensional space.

We introduce concepts of inner and outer circuits to
determine whether a corresponding figure exists in two-
dimensional space for a given consistent PLCA expression.

1. The outermost is an outer circuit.

2. If a line l(l−) belongs to an outer circuit, then the cir-
cuit to which l−(l) belongs to is an inner circuit, re-
spectively.

3. There is a unique inner circuit that belongs to one area,
and the other ones are outer circuits.

In Example 2, circuits c1 and c2, which are both included

in area a1, are inner circuits. Therefore, this expression does
not satisfy the third condition.

The following proposition holds.

Proposition 2.1 For a consistent PLCA expression, there ex-
ists a figure in two-dimensional space iff each circuit can be
identified as an inner or outer circuit.

2.4 The Equivalence of PLCA Expressions
For consistent PLCA expressions e1, e2, if there exists a bi-
jective function f such that satisfies the following conditions,
then e1 and e2 are said to be PLCA-equivalent.

For ∀p ∈ e1.points, f(p) ∈ e2.points
For ∀l ∈ e1.lines, f(l) ∈ e2.lines
For ∀c ∈ e1.circuits, f(c) ∈ e2.circuits
For ∀a ∈ e1.areas, f(a) ∈ e2.areas
For ∀l ∈ e1.lines, f(l.points) = f(l).points
For ∀c ∈ e1.circuits, f(c.lines) = f(c).lines
For ∀a ∈ e1.areas, f(a.circuits) = f(a).circuits

The following proposition holds.

Proposition 2.2 Let F1 and F2 be figures in two-dimensional
space, e1 and e2 are the corresponding PLCA expressions,
respectively. If F1 and F2 are homeomorphic, then e1 and e2

are PLCA-equivalent, and vice versa.

3 Reasoning on Attributed PLCA
3.1 Attributed PLCA
In most applications such as GIS, figure or image data include
not only the spatial information, such as shape, position and
size, but also semantic information, such as what the object
stands for or which property holds on the region.

Since PLCA itself provides only spatial information, we
add regional attributes to each object so that semantic infor-
mation can also be represented. We define a region as a non-
empty set of areas that have the same attribute.

If an area belongs to some region, then all the circuits, lines
and points that constitute the area also belong to the region.
Note that a region may consist of multiple pieces.

Let Region be a class of region and
RA(r), RC(r), RL(r), RP (r) denote the set of areas,
circuits, lines and points which belong to region r ∈ Region,



respectively. In general, for a consistent two-dimensional
realizable PLCA expression e, the attributed PLCA ex-
pression can be constructed as follows. For each r, first,
we assign a subset of e.areas to r, and then, we define
RA(r), RC(r), RL(r), RP (r).

RA(r) = {a |a ∈ r.areas}
RC(r) = {c |c ∈ a.circuits ∧ a ∈ r.areas}
RL(r) =

{
l

∣∣∣∣ l ∈ c.lines ∧ c ∈ a.circuits
∧a ∈ r.areas

}

RP (r) =

{
p

∣∣∣∣∣
p ∈ l.lines∧ l ∈ c.lines
∧c ∈ a.circuits
∧a ∈ r.areas

}

The PLCA expression in which each object is attached to
an attribute in this way is called an attributed PLCA expres-
sion.

3.2 Topological Reasoning
If an attributed PLCA expression is a data form in the spatial
database, the database can give the topological information
about the regions. We show the definitions of several queries
to the database.

When two regions are connected, we can decide how these
are connected:

isPointConnected(r1, r2)
:= RP (r1) ∩ RP (r2) �= φ

∧RL(r1) ∩ RL(r2) = φ
∧RA(r1) ∩ RA(r2) = φ

isLineConnected(r1, r2)
:= RL(r1) ∩ RL(r2) �= φ

∧RA(r1) ∩ RA(r2) = φ

We can obtain the segments that are point-connected and line-
connected in the borders of two regions:

getPointConnects(r1, r2)

:=

{
d

∣∣∣∣∣
d ∈ RP (r1) ∩ RP (r2)∧
¬∃l(d ∈ l.points∧
l ∈ RL(r1) ∩ RL(r2))

}

getLineConnects(r1, r2)
:= {l | l ∈ RL(r1) ∩ RL(r2) }

Furthermore, we can determine whether a region consists
of one piece, and obtain the number of the connected parts if
it consists of several disconnected pieces:

isOneP iece(r)
:= ∀ai∃aj ∈ RA(r); lc(ai, aj) ∨ pc(ai, aj)

getNumberOfParts(r)
:= k where [ r = ∪k

i ri ] ∧ [ ∀ri; isOneP iece(ri) ]∧
[ ∀ri∀rj ;¬isPointConnected(ri, rj)∧
¬isLineConnected(ri, rj) ]

Example 3.
If we make the following assignment on Example 1 and

make regions r1, r2 and r3 (Figure 4), then we can examine
the topological relations between the regions.

r1.areas = {a1, a5}
r2.areas = {a2, a4}
r3.areas = {a3}

a0

a1 a5

a2

a4

a3

r1

r3

r2

Figure 4: Topological reasoning
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Figure 5: Attributed PLCA for fire simulation

For r1 and r2, isPointConnected(r1, r2) holds and
getPointConnects(r1, r2) = {p1, p2, p3, p4} is obtained. It
means that r1 and r2 are connected with four points. Simi-
larly, we can get the information such that r1 and r3 are con-
nected with two lines, and that r2 and r3 are connected with
two lines.

3.3 Semantic Reasoning
Example 4.

Let F and B denote the attributes of fire burning and the
barrier, respectively. Assume that we add semantics to Ex-
ample 1 so that {a1, a3, a5} shows the predicted region rF of
burning at some instant, and {a2, a3, a4} shows the region rB

of the barrier. (Figure 5(a)).

rF .areas = {a1, a3, a5}
rB.areas = {a2, a3, a4}

rF∧B shows the region with both attributes F and B, and
r¬B shows the region without attribute B. Then these regions
are:

rF∧¬B .areas = {a1, a5}
rF∧B .areas = {a3}

By the queries to the database, we find that
isOneP iece(rF∧¬B) does not hold and that
getNumberOfParts(rF∧¬B) = 2. It means that
rF∧¬B consists of two parts. Moreover, since lc(a1, a3)
and lc(a3, a5) hold, we can deduce that it is a3 that breaks
rF∧¬B into two disconnected parts.

Example 5.
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Figure 6: The basic relations of RCC-8

Assume that we make the following assignment for the ex-
ample shown in Figure 5(b).

rF .areas = {a1, a3}
rB .areas = {a2, a3},

Then, rF∧¬B.areas = {a1} and isOneP ieace(rF∧¬B)
holds. It means that rF∧¬B consists of one piece.

Both Examples 4 and 5 are the attributed PLCA expres-
sions for the example of the simulation of a fire burning
shown in Section 1. Comparing these examples, the predicted
region of burning is divided by the barrier in case of Example
4, that is, if the barrier is constructed in the position shown
in Figure 5(a), the fire can be stopped from spreading to the
right, while in case of Example 5, it cannot. Conversely, we
can determine the position of the barrier by checking whether
the target region consists of one piece or not. This type of
reasoning can be applied to the decision of the position for a
new construction.

4 Comparison with Other Works

4.1 RCC
RCC is a theory that considers a space as a set of regions, pay-
ing attention only to their relative positions [Randell et al.,
1992]. Figure 6 shows the basic relations of RCC-8, a vari-
ant of RCC. These relations are pairwise disjoint and jointly
exhaustive.

Region in an attributed PLCA is the same concept as the
’region’ in RCC. Table 4.1 shows the relationship between
the attributed PLCA and RCC. In this table, Y/N mean that
there exists an element in the corresponding part. Although
the number of all the possible combination is 24, the case
that does not appear in this table is an inconsistent PLCA ex-
pression. This table shows that there exists a mapping from
PLCA to RCC, and that PLCA provides mereological reason-
ing which are performed in RCC.

Several studies on the extension of RCC have been done.
Gotts extended pure RCC to express not only mereology but
also topological shape [Gotts, 1994]. Borgo et al proposed
a system which pays attention to the connection of regions
[Borgo et al., 1998] and Donnelly introduced the concept of
coincidence into the relation overlapping [Donnelly, 2003].
Since these theories invoke new predicates for distinguishing

figures at the lower level, the resulting system is very compli-
cated and hard to implement. Simultaneously, various axioms
are introduced, however, the completeness of the system is
not proved.

PLCA is easy to implement and extend since it is not based
on axiomatic systems.

4.2 9-intersection Model
Egenhofer et al. proposed the framework in which regions,
lines and points are taken as basic objects for describing topo-
logical relations [Egenhofer and Herring, 1990]. They di-
vided each object into three parts of inner, border and outer,
and distinguished the topological relationships between two
objects by representing them as a 3*3 matrix called the 9-
intersection, the elements of which show whether the inter-
section of each part is empty or not. Line-line relation and
line-region relation are also expressed in this form. The 9-
intersection model has almost the same expressive power as
PLCA but for the orientations of lines.

They also proposed a model that incorporates the con-
cept of orientations of lines [Egenhofer and Herring, 1990;
Egenhofer and Franzosa, 1995]. Other studies have extended
these models to handle regions with holes [Egenhofer et at.,
1994], splitting ratios [Nedas and Egenhofer, 2004] and so on.
In these models, overlapping of primitive objects is allowed.
Since there are many variations of overlapping patterns, dif-
ferent data structure is required in addition to 9-intersection
to distinguish these patterns in the extended models. On the
other hand, in PLCA, primitive objects without overlapping
have the sufficient information on connection patterns, and
new data structure can be defined in a bottom-up manner.

Another difference between the approaches based on the
9-intersection model and PLCA is the representation of the
relations of the objects. In their approaches, the entire figure
is represented in the form of a set of binary relations. If the
figure data contain n objects, we have to assert nC2 relations,
to avoid nondeterminacy. On the other hand, in PLCA, the
entire figure is represented in a form in which all the objects
are related.

5 Conclusion
We have proposed a new framework for qualitative spatial
reasoning called PLCA, which is focused on the connection
pattern of regions. Since it is based on simple objects, it is
easy to implement the system.

In a PLCA expression, the entire figure is represented in
a form in which all the objects are related, and any figure
in two-dimensional space can be treated in a unified manner.
Therefore, it is easy to extend the system.

If regional attributes are added to PLCA and several objects
are combined, spatial semantic reasoning [Takahashi, 2003;
2004] can be performed.

We have also compared PLCA with the existing qualita-
tive spatial reasoning methods, RCC and the 9-intersection
model, and showed that PLCA is upper compatible with
them.

We have implemented basic components of PLCA. In
the future, we plan to construct higher level reasoning sys-



RA(r1) ∩ RA(r2) N N Y Y Y Y Y Y
RP (r1) ∩ RP (r2) N Y N Y N Y Y Y
RA(r1) \ RA(r2) Y Y Y Y N N Y N
RA(r2) \ RA(r1) Y Y N N Y Y Y N
RCC-8 relation DC EC NTPP TPP NTPPi TPPi PO EQ

Table 1: Attributed PLCA and RCC

tem on this framework, and to extend this framework to n-
dimensional spaces.
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